Data Structure Note 4 Sorting
Part I. Sorting Overview

¥ ' Sorting Algorithms:
e Sorting with Comparison:
lower bound: O(NlogN)
o Insertion Sort:
O(N?)
Space Complexity: O(1)
o Merge Sort:
O(NlogN)
Space Complexity: O(N)
o Heap Sort:
O(NlogN)
o Quick Sort:
Expected case: ©(NlogN)
Worst case: © (V)
Space Complexity: O(1)
e Sorting without Comparison:
o Counting Sort

o Radix Sort

Part Il. Quick Sort
Basic Idea of Quick Sort

1. Divide: Partition the array into two subarrays around a pivot x such that
<z, >,

<x X X =

2. Conquer: Recursively sort the two subarrays



Expected conquer cost: O(n)

3. Combine: Trivial (4 B ERY)

1.Time complexity analysis(Naive):
o Expected Case:

We suppose we can get the ideal case, in which the pivot divides the array into exactly
two identically half subarrays.

N
T(n)= 2T(E) + O(N)
We can use the master method to analyze the time complexity.
T(N) = Niog(N)

Or we can suppose that pivot divides the array into exactly one subarray with k of the
total elements and the other with 1-k of the elements, 0 <k <1
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Total: O(nlgn)
We assume A = maz{k,1 - k}
Tree Height: log1 IV
Cost for each layer: cn
—> T'(N) = O(NlogN)
o Worst case:

We suppose we can get the worst case, in which the pivot divides the array into exactly
one subarray with 0 element and the other with n-1 element.

T(N) =T(0)+T(N — 1) + ©(N)
T(N)=0(1)+T(N —1)+60(N) = 0(N?)
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2.Quick Sort Implementation

QUICKSORT(A, p, r)

l.if p<r

2. then g < PARTITION(A, p, r)
3. QUICKSORT(A, p, g— 1)
4. QUICKSORT(A, g+ 1, 1)

Initial call: QUICKSORT(A, 1. n)

PARTITION(A, p, r) //Alp ... 1]
1. x < A[r] //pivot = A[p]
2.i<p—1

3.for j< ptor—1

4. doif A[j] = x

5. then i« i+ 1

6. exchange A[1] <« A[J]
7. exchange A[r] <> A[i+ 1]

8

.return /+ 1
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We can use the last element as pivot, implemented in the way which the pseudocode describes:

Quick Sortl

1 template<typename T>

2 void Quick_sort_1(std::vector<T>& arr){

3

4 std:: function<void(int, int)> helper = [&](int left, int right) -> void{

5 // right is exclusive

6 if(left >= right - 1){

7 return;

8 }

9

10 // partition, choose arr[right - 1] to be the pivot

11 T pivot = arr[right - 1];

12 // 1 points to the last element we have explored that's smaller than
the pivot

13 int i = left - 1;

14 // J points to the first element that we haven't explored.
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}s

int j = left;

while(j < right - 1){

if(arr[j] > pivot){

jts
}
else{
std::swap(arr[i + 1], arr[jl);
i++;
Jt+;
}

std::swap(arr[i + 1], arr[right - 1]);

helper(left, i + 1);
helper(i + 2, right);

helper (0, arr.size());

We can also use the first element as pivot, implemented in a slightly different way.

Quick Sort2
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template<typename T>
void Quick_sort_2(std::vector<T>& arr){

std::function<void(int, int)> helper = [&](int left, int right) -> void{

// right is exclusive
if(left >= right - 1){
return;

// partition, choose arr[left] to be the pivot
T pivot = arr[left];

int small_point = left + 1;
int big_point = right - 1;
/**We can guarantee that:
* When index < small_point, elements must be smaller than the pivot
* When index > big_point, elements must be bigger than the pivot
x/
while(small_point <= big_point){
if(arr[small_point] < pivot){



21 small_point++;

22 }

23 else{

24 std::swap(arr[small_point], arr[big_point]);
25 big_point--;

26 }

27 }

28

29 std::swap(arr[left], arr[small_point - 1]);
30

31 helper (left, small_point - 1);

32 helper(small_point, right);

33 }s

34

35 helper (0, arr.size());

36 }

Average case: no human effect(not nlgn exactly)

Expected case: with human effect
3.Strict Analysis of Quick Sort
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Part Ill. Heap and Heap Sort

1.Heap
1. Defination
a. Max-heap property is that for every node i other than the root
Alparent(i)] > Ali
b. Min-heap property is that for every node i other than the root
Alparents(i)] < Ali]
2. Full Binary Tree Implementation (LL&/)NES1)
We can use a full binary tree to implement the priority queue.

The full binary tree can be implemented conveniently simply using an array. We set the
array 's firstelement arr[0] to be the sentinel, and other elements with the binary tree
encoded.



For an element, say itsindex in the arrayis i . arr[i] 'sparentis arr[i/2] ,andthe
left child(if exist) is arr[2 x 1] ,therightchild(ifexist)is arr[2 * i + 1].

3. Heapify Operation to turn unordered tree into Heap

Suppose that we get an arbitrary binary tree, we want to convert it to a min-heap or max-
heap.How can we operate?

We can first make sure that subtrees in the bottom are a max-heap, then gradually go up.
a. MAX-HEAPIFY(A, i)

Suppose that we want to make sure that the elementin currentindex i (arr[i] )isat
the right position of its own subtree, in the other word, bigger than both of its children.

We can do as follows:

MAX-HEAPIFY(A, i)

1 1 <« LEFT(1)

2 r < RIGHT(i)

3 if 1 < heap-size[A] and A[1l] > A[i]
4 then largest < 1

5 else largest « 1

6

7 if r < heap-size[A] and A[r] > A[largest]
8 then largest « r

9

10 if largest # i

11 then exchange A[i] < A[largest]
12 MAX-HEAPIFY (A, largest)

b. Build max-heap

Notice that all of the leaves now are exactly a max-heap.So we can start from the last but
one (E1#5 =) layer to start our max-heapify operation.(the element A[length /

2] )



Build max-heap(A):

1 heap-size[A] < length[A]
2 for i <« A Llength[A] /2J downto 1
3 do MAX-HEAPIFY (A, 1)

2.Heaplify Operation Complexity Analysis
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3.Prority Queue

1. Defination:

A priority queue is a data structure for maintaining a set of S of elements, each with an
associated value called a key.

We usually use a heap to implement the priority queue.

2. Basic operations (LA&g&AMICHKIATIAF)



INSERT(S, x): inserts the element x into the set S.

. |
°

e MAXIMUM(S): returns the element S with the largest key.
e EXTRACT-MAX(S): removes and returns the element S with the largest key.

e INCREASE-KEY(S, x, k): increase the value of element x's key to the new value
k, which is assumed to be at least as large as x's current key value.

e DECREASE-KEY(S, x, k): decrease the value of element x's key to the new value
k, which is assumed to be at least as small as x's current key value.

a. Insert(S, x)
BiEANTERMARE2ZXMNRE—MIE, WFXMIEF#HT ‘@ LER

MAX-HEAP-INSERT(A, key)

1. heap-size[A] < heap-size[A] + 1

2. Al heap-size[ A]] « —<°

3. HEAP-INCREASE-KEY (A, heap-size[ A], key)

O(log(N))
b. Extract-Max(S)

REHBEZFRETR, BRe2XWHERE—NTERAETR, EXNFRERTR#AT ‘B TE
&7 (Max-Heapify(S, 0))

HEAP-EXTRACT-MAX(A)
1. if heap-size[A] < 1
2. then error "heap underflow"
3. max < A[l]
4. Al 1] « Al heap-size| A]]
5. heap-size| A] < heap-size[ A] — 1
6. MAX-HEAPIFY(A, 1)
7. return max
O(log(N))
c. Maximum(S)
R [EIAR TS SR BRA]
d. Increase-Key(S, x, k)

B THR ‘mEER



HEAP-INCREASE-KEY(A, /, key)

1. if key < A[1]

2. then error "new key is smaller than current key"
3. A[f] « key

4. while ;> 1 and A[PARENT(/)] < A[]]

5. do exchange A[i] <> A[PARENT(/)]

6. i< PARENT())

O(log(NV))
e. Decrease-Key(S, x, k)

BXAN7TER ‘BTER ,HIrEMax-Heapify(S, k)
4.Heap Sort
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HEAPSORT(A)

1 BUILD-MAX-HEAP(A)
2 fori = A.length downto 2

3 exchange A[ 1] with A[i]
4 A. heap-size = A. heap-size — 1
5 MAX-HEAPIFY(A, 1)
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Part IV. Comparison Sort Summary

1.Different comparion sort algorithms comparison

Running time | Worst-case | Average-case In place
Heap sort nlgn nign Yes
Quick sort P nign Yes
Insertion sort P ” Yes
Merge sort nlgn nlgn No

2.Complexity Lower Bound of Comparion Sorts



e All of our algorithms above used comparisons.
e We will prove that all of our algorithms above have a running time lower bound Q(nlgn) .

1. Sort using Decision Tree

(1.3.2] [312] [231] (321

Each internal node 1s labeled 7: jfor 7, je {1, 2,..., n}.
* The left subtree shows subsequent comparisons if a, < a,

* The right subtree shows subsequent comparisons if a, >‘aj.

Each leaf contains a permutation < 7(1),7(2),7(3),...m(n) > to indicate that the ordering
< ap1) S Ar2) < -0 < Ar(n) > has been established.

The complexity of the sort algorithm is just the height of the Decision Tree.

Suppose that the tree's height is & , the tree of height & can have at most 2" leaves, while the
decision tree needs n!.

2" > p!

h > lg(n!)
=lg(n)+lg(n—1)+1Ilg(n —2) + ...+ 1g2 + g1
> lg(n) +lg(n — 1) +lg(n — 2) + ... + lg(%)
- glg(%)
= Q(nlg(n))

Part V. Sorting in linear time

1.Counting Sort
Input: A[1 --- n], where A[j] €11, 2, ---, k}. Output: B[1 -:- n], sorted.
Auxiliary storage: C[1 --- k].

1. Operation Process

o Loopl:



AREIR

1 for i <- i to k:
2 do C[i] <- ©

1 2 3 4 5 1 2 3 4
Aalalt|s]als]clo]ofo]o]

l.for i < 1 to k
2. do(CJi] <0

o Loop2:

HADIR

1 for j <= 1 to length[A]
2 do C[A[j]1] <= C[A[]j]1] + 1

B
3. for j < 1 to length[ A]
4. do CTA[I] «~ CTA[ + 1
o Loop 3:
EIIR
1 for i <=2 to k
2 do C[i] = C[i] + C[i - 1]

S5.fori<2tok
6. do C[i] « (] + (i-1]

o Loop 4.




AREIR

1 for j <= length[A] downto 1
2 do B[C[A[j]1]] <= A[j]
C[A[j1] <= C[A[j1] - 1

1 2 4
A4 ] 1|3]4]3
1 /3 4
B: 3|3 4 (&%

7. for j « length[ A] downto 1
8. do BICTAL/I] < AL/
9. AL « CTAL] - 1

Bl11]13]|3 4| C:

7. for j < length[A] downto |
8. do BICTAT] < A
9. CALN« CLA[] -1

B:11]|13|3|4]|4] C

7. for j < lengthl A] downto 1
8. do BICIAL]] « AL
9. AU < AAT -1

2. Complexity Analysis



COUNTING-SORT(A, B, k)
1.for i< 1tok

2. do (i« 0 }
3. for j < 1 to length[A] }
4. do A  CLA] + 1
5.fori—2tok

6. do ([ < ([ + C[i-1] }
7. for j < length| A] downto 1

8. do BCIA[/]]] < ALl }
9. A+ A -1

O(n+ k)
3. Stabliblity
Counting sort is a sfable sort: it preserves the input
order among equal elements.
1 2 3 4 5
Al4]|1|3]14]3
Bl11]13]|]3]|4]|4
1 2 3
2.Radix Sort

Digit-by-digit sort.
Hollerith’ s original (bad) idea: sort on most significant digit first.

Good idea: Sort on least-significant digit first with auxiliary stable sort. (counting sort one by
one)

329 720 720 329
457 355 329 355
657 446 436 436
839 457 839 457
436 657 355 657
720 329 457 720
355 839 657 839

NN



Correctness of radix sort

Induction on digit position

720 329

* Assume that the numbers 329 355
are sorted by their low-order 434 436
(1 digits. 839 457
* Sort on digit «. 355 657
Two numbers that differ in 457 -0
657 839

digit ¢ are correctly sorted. \/

Two numbers equal in digit ¢
are put in the same order as
the input = correct order.

RADIX-SORT(A, d)
l.for i< 1tod
2. do use a stable sort to sort array A on digit 7

O(d(n+ k))  Each digit can take on up to &
possible values

when dis constant and k= O(n) = ©(n)

§ ' Stability of Quick Sort:
e Insertion sort is stable
e Merge sortis stable
e Heap sortis not stable

* Quick sortis not stable



