
 Data Structure Note 4 Sorting​

Part I. Sorting Overview​

📢 Sorting Algorithms:​

• Sorting with Comparison:​

lower bound :​ ​O(NlogN)

◦ Insertion Sort:​

​ ​O(N )2

Space Complexity:​ ​O(1)

◦ Merge Sort:​

​ ​O(NlogN)

Space Complexity:​ ​O(N)

◦ Heap Sort:​

​ ​O(NlogN)

◦ Quick Sort:​

Expected case:​ ​Θ(NlogN)

Worst case:​ ​Θ(N)

Space Complexity:​ ​O(1)

• Sorting without Comparison:​

◦ Counting Sort​

◦ Radix Sort ​

Part II. Quick Sort​

Basic Idea of Quick Sort​

1. Divide:  the array into two subarrays around a pivot x  such that 

​ , .​

Partition elements in 

lower subarray ≤ x elements in upper subarrys ≥ x

2. Conquer: Recursively sort the two subarrays​



Expected conquer cost:​ ​O(n)

3. Combine: Trivial(微不足道的)​

1.Time complexity analysis(Naive):​

◦ Expected Case:​

We suppose we can get the ideal case, in which the pivot divides the array into exactly 

two identically half subarrays.​

​ ​T (n) = 2T ( ​) +
2
N

O(N)

We can use the master method to analyze the time complexity.​

​ ​T (N) = Nlog(N)

Or we can suppose that pivot divides the array into exactly one subarray with k  of the 

total elements and the other with 1-k  of the elements, ​ ​0 < k < 1

We assume ​ ​λ = max{k, 1 − k}

Tree Height:​ ​log ​N
​λ

1

Cost for each layer:​ ​cn

​ ​⟹ T (N) = Θ(NlogN)

◦ Worst case:​

We suppose we can get the worst case, in which the pivot divides the array into exactly 

one subarray with 0 element and the other with n-1  element.​

​ ​T (N) = T (0) + T (N − 1) + Θ(N)

​ ​T (N) = Θ(1) + T (N − 1) + Θ(N) = Θ(N )2



2.Quick Sort Implementation​



We can use the last element as pivot, implemented in the way which the pseudocode describes:​

Quick Sort1​

template<typename T>
void Quick_sort_1(std::vector<T>& arr){

    std::function<void(int, int)> helper = [&](int left, int right) -> void{
        // right is exclusive
        if(left >= right - 1){
            return;
        }

        // partition, choose arr[right - 1] to be the pivot
        T pivot = arr[right - 1];
        // i points to the last element we have explored that's smaller than 
the pivot 
        int i = left - 1;    
        // j points to the first element that we haven't explored. 
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        int j = left;
    
        while(j < right - 1){
            if(arr[j] > pivot){
                j++;
            }
            else{
                std::swap(arr[i + 1], arr[j]);
                i++;
                j++;
            }
        }

        std::swap(arr[i + 1], arr[right - 1]);

        helper(left, i + 1);
        helper(i + 2, right);
    };
    
    helper(0, arr.size());
}

We can also use the first element as pivot, implemented in a slightly different way.​

Quick Sort2​

template<typename T>
void Quick_sort_2(std::vector<T>& arr){

    std::function<void(int, int)> helper = [&](int left, int right) -> void{
        // right is exclusive
        if(left >= right - 1){
            return;
        }

        // partition, choose arr[left] to be the pivot
        T pivot = arr[left];

        int small_point = left + 1;
        int big_point = right - 1;
        /**We can guarantee that:
         * When index < small_point, elements must be smaller than the pivot
         * When index > big_point, elements must be bigger than the pivot
        */
        while(small_point <= big_point){
            if(arr[small_point] < pivot){
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                small_point++;
            }
            else{
                std::swap(arr[small_point], arr[big_point]);
                big_point--;
            }
        }

        std::swap(arr[left], arr[small_point - 1]);

        helper(left, small_point - 1);
        helper(small_point, right);
    };
    
    helper(0, arr.size());
}

Average case: no human effect(not ​  exactly)​nlgn

Expected case: with human effect​

3.Strict  Analysis of Quick Sort​
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Part III. Heap and Heap Sort​

1.Heap​

1. Defination​

a. Max-heap  property is that for every node i other  than the root​

​ ​A[parent(i)] ≥ A[i]

b. Min-heap  property is that for every node i other  than the root​

​ ​A[parents(i)] ≤ A[i]

2. Full Binary Tree Implementation（以最小堆为例）

We can use a full binary tree to implement the priority queue.​

The full binary tree can be implemented conveniently simply using an array. We set the 

array 's first element arr[0]  to be the sentinel, and other elements with the binary tree 

encoded.​



For an element, say its index in the array is i . arr[i] 's parent is arr[i/2] , and the 

left child(if exist) is arr[2 * i] , the right child(if exist) is arr[2 * i + 1] .​

3. Heapify Operation to turn unordered tree into Heap​

Suppose that we get an arbitrary binary tree, we want to convert it to a min-heap or max-

heap.How can we operate?​

We can first make sure that subtrees in the bottom are a max-heap, then gradually go up.​

a. MAX-HEAPIFY(A, i)​

Suppose that we want to make sure that the element in current index i ( arr[i] ) is at 

the right position of its own subtree, in the other word, bigger than both of its children. ​

We can do as follows:​

MAX-HEAPIFY(A, i)​

 l ← LEFT(i)  
 r ← RIGHT(i) 
 if l ≤ heap-size[A] and A[l] > A[i]​
     then largest ← l  
     else largest ← i  
     
 if r ≤ heap-size[A] and A[r] > A[largest]  ​
     then largest ← r  
 
 if largest ≠ i  ​
     then exchange A[i] ↔ A[largest] 
     MAX-HEAPIFY(A, largest) 

b. Build max-heap​

 Notice that all of the leaves now are exactly a max-heap.So we can start from the last but 

one（倒数第二）layer to start our max-heapify operation.(the element A[length / 
2] )​
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Build max-heap(A):​

heap-size[A] ← length[A]
for i ←  A ⎣length[A]/2⎦ downto 1
    do MAX-HEAPIFY(A, i)

2.Heaplify Operation Complexity Analysis​

3.Prority Queue​

1. Defination:​

A priority queue is a data structure for maintaining a  set of S of elements, each with an 

associated value  called a key.​

We usually use a heap to implement the priority queue.​

2. Basic operations（以最大优先级队列为例）:​
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📢 • INSERT(S, x): inserts the element x into the set S.  ​

• MAXIMUM(S): returns the element S with the largest key.  ​

• EXTRACT-MAX(S): removes and returns the element S  with the largest key.  ​

• INCREASE-KEY(S, x, k): increase the value of element x's  key to the new value 

k, which is assumed to be at least as  large as x's current key value.​

• DECREASE-KEY(S, x, k): decrease the value of element x's  key to the new value 

k, which is assumed to be at least as  small as x's current key value.​

a. Insert(S, x)​

将插入的元素x放入完全二叉树的最后一个位置，对于这个位置再进行“向上冒泡”​

​ ​O(log(N))

b. Extract-Max(S)​

返回并且移除根节点，将完全二叉树最后一个元素放入根节点，在对于根节点进行“向下冒

泡”（Max-Heapify(S, 0))​

​ ​O(log(N))

c. Maximum(S)​

返回根节点即可

d. Increase-Key(S, x, k)​

将这个元素“向上冒泡”



​ ​O(log(N))

e. Decrease-Key(S, x, k)​

将这个元素“向下冒泡”,其实就是Max-Heapify(S, k)​

4.Heap Sort​



📢 关键：建堆和清空堆的时间复杂度

虽然说堆插入和删除的时间复杂度都是​ ,但是对于这n个元素，总共的插入的复杂

度（建堆）和删除的复杂度（清空堆）的时间复杂度却是不同的。

O(lg(N))

直观的理解是插入时实际的操作是从下往上冒泡，路径长度也就是最后所到位置的子树的高

度，路径长较短。而删除时候的操作是把最后一个元素放到根节点向下冒泡，所需时间较

长。

所以说建堆是​ ,而清空堆是​ 。堆排序的复杂度是​ ​O(N) O(Nlg(N)) O(Nlg(N))

实现自己的堆

Part IV. Comparison Sort Summary​

1.Different comparion sort algorithms comparison​

2.Complexity Lower Bound of Comparion Sorts ​



• All of our algorithms above used comparisons.  ​

• We will prove that all of our algorithms above have a running time lower bound ​ .​Ω(nlgn)

1. Sort using Decision Tree​

Each leaf contains a permutation ​ to indicate that the ordering 

​ has been established.​

< π(1),π(2),π(3), ...π(n) >
< a ​ ≤π(1) a ​ ≤π(2) ... ≤ a ​ >π(n)

The complexity of the sort algorithm is just the height of the Decision Tree.​

Suppose that the tree's height is ​ , the tree of height ​  can have at most ​  leaves, while the 

decision tree needs ​ .​

h h 2h

n!

​​ ​

2h

h

≥ n!

≥ lg(n!)

= lg(n) + lg(n − 1) + lg(n − 2) + ... + lg2 + lg1

≥ lg(n) + lg(n − 1) + lg(n − 2) + ... + lg( ​)
2
n

= ​lg( ​)
2
n

2
n

= Ω(nlg(n))

Part V. Sorting in linear time​

1.Counting Sort​

Input: A[1 … n], where A[j] ∈ {1, 2, …, k}.  Output: B[1 … n], sorted.  ​

Auxiliary storage: C[1 … k].​

1. Operation Process​

◦ Loop1:​



代码块​

for i <- i to k:
    do C[i] <- 0

◦ Loop2:​

代码块​

for j <- 1 to length[A]
    do C[A[j]] <- C[A[j]] + 1    

◦ Loop 3:​

代码块​

for i <- 2 to k
    do C[i] = C[i] + C[i - 1]

◦ Loop 4:​
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代码块​

for j <- length[A] downto 1
    do B[C[A[j]]] <- A[j]
        C[A[j]] <- C[A[j]] - 1

2. Complexity Analysis​
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3. Stabliblity​

2.Radix Sort​

Digit-by-digit sort.  ​

Hollerith’s original (bad) idea: sort on most significant digit first.  ​

Good idea: Sort on least-significant digit first with  auxiliary stable sort.（counting sort one by 

one)​



📢 Stability of Quick Sort:​

• Insertion sort is stable​

• Merge sort is stable​

• Heap sort is not stable​

• Quick sort is not stable​


