
Data Structure Lecture II: Divide and 

Conquer​

Part1. Recurrences Complexity Analyses​

✍️ Three methods to analyze the complexity of recursive algorithm:​

1. Substitution method(数学归纳法)​

2. Recursive-Tree method​

3. Master Method(大师法，有使用条件)​

 The master method comes from the ituition of Recursive-Tree​

1.Substitution method​

• step1:Guess  the form of the solution​

• step2:Verify by induction​

• step3:Solve for constants​

e.g1: ​

​ ​T (n) = 4T ( ​) +
2
n

n

1. First Guess: ​ : ​O(n )3

Base case: ​

​  for all ​ , where ​ is a suitable constant​T (n) = Θ(1) n < n ​0 n ​0

 Induction: ​

Assume that ​  for ​ , we need to prove that ​ ​T (k) ≤ ck3 k < n T (n) ≤ cn3

​ ​​ ​ ​ ​

T (n) = 4T ( ​) + n
2
n

≤ 4c( ​) + n
2
n 3

= cn − ( ​cn − n)3

2
1 3

≤ cn3

Notice that when ​ , the  above  nonequality is true.​​cn −
2
1 3 n ≥ 0

We can set ​ , and ​ (Solve the constants)​c ≥ 2 n ≥ 1



2. Second Guess: ​ ​O(n ) :2

     if we model the above method​

Base case: ​

​  for all ​ , where ​ is a suitable constant​T (n) = Θ(1) n < n ​0 n ​0

 Induction: ​

Assume that ​  for ​ , we need to prove that ​ ​T (k) ≤ ck2 k < n T (n) ≤ cn2

​​ ​ ​ ​

T (n) = 4T ( ​) + n
2
n

≤ 4c( ​) + n
2
n 2

= cn + n2

We find that we can' t prove ​ . We must make some changes.​T (n) ≤ cn2

Base case: ​

​  for all ​ , where ​ is a suitable constant​T (n) = Θ(1) n < n ​0 n ​0

 Induction: ​

Assume that ​  for ​ , we need to prove that ​ ​T (k) ≤ c ​k −1
2 c ​k2 k < n T (n) ≤ c ​n −1

2 c ​n2

​ ​​ ​ ​ ​

T (n) = 4T ( ​) + n
2
n

≤ 4c ​( ​) − 2c ​n + n1 2
n 2

2

= c ​n − c ​n − (c ​n − n)1
2

2 2

≤ c ​n1
2

Notice that when ​ , the  above  nonequality is true.​c ​n −2 n ≥ 0

We can set ​ (Solve the constants)​c ​ ≥2 1

e.g2: ​

​ ​T (n) = 2T (⌊ ​⌋) +x lg(n)

注意：向下取整拿掉无伤大雅...​

我们用一种巧妙的指对变换来求解这个问题



2.Recursive-tree method​

We use an example to show the idea of recursive tree​

​ ​T (n) = 3T (⌊ ​⌋) +
4
n

n2

We can compute each layers' complexitites to divide and conquer the question into smaller 

questions, adding the last layer's cost.​

注意我们在求和过程里面的等比数列是收敛的，这对于我们求解这个问题非常重要。



说白了，求递归（分治算法）的时间复杂度，就是 each layers' complexitites to 
divide and conquer  和 last layer's cost  两方面力量的较量，谁大就取谁。   ​

3.Master method​

With the intuition coming from recursive tree above, we can introduce the master method.

3.1.Master method​

We assume the question has the following form:​

​ ​T (n) = aT ( ​) +
b

n
f (n)

Where ​ , ​ , and ​  is asymptotically(渐进) positive.​a ≥ 1 b > 1 f

In the last layer, we have cost of ​ , and each layer we have the complexity of ​  to 

divide and conquer.​

Θ(n )log ​b
a

f (x)

We can compare ​ with ​ ​f (n) nlog ​b
a

1. ​  for some constant ​ .​f (n) = O(n )log ​−ϵb
a

ϵ > 0

​ grows polynomially slower  than ​ (by an ​  factor)​f (n) nlog ​b
a

nϵ

Solution: ​ ​T (n) = Θ(n )log ​b
a

2. ​  and ​ grow at similar rates​f (n) nlog ​b
a

Solution:​ ​T (n) = Θ(n lg(n))log ​b
a

3. ​  for some constant ​ .​f (n) = Ω(n )log ​+ϵb
a

ϵ > 0

​ grows polynomially faster than ​ (by an ​  factor)​f (n) nlog ​b
a

nϵ



and ​ satisfies the regularity condition that ​ for some constant ​

(保证求和数列能够收敛)​

f (n) af ( ​) ≤
b

n
c(f (n)) c < 1

Solution: ​ ​T (n) = Θ(f (n))

3.2 Example of Master method​

EX.1 ​ ​T (n) = 4T ( ​) +
2
n

n

​ ​a = 4, b = 2,n =log ​b
a

n2

​ ​f (n) = n ⟹ T (n) = Θ(n )2

EX.2 ​ ​T (n) = 4T ( ​) +
2
n

n2

​ ​a = 4, b = 2,n =log ​b
a

n2

​ ​f (n) = n ⟹2 T (n) = Θ(n lg(n))2

EX.3 ​ ​T (n) = 4T ( ​) +
2
n

n3

​ ​a = 4, b = 2,n =log ​b
a

n2

​ ​f (n) = n ⟹3 T (n) = Θ(n )3

EX.4 ​ ​T (n) = 4T ( ​) +
2
n

​

lg(n)
n2

​ ​a = 4, b = 2,n =log ​b
a

n2

​ ​ doesn't grow polynomially slower  than ​ ​f (n) = ​ ⟹
lg(n)
n2

f (n) nlog ​b
a

​ Master method does not apply​⟹

Part2. Divide and Conquer Algorithm​



1.Divide and Conquer design paradigm​

1. Divide the problem(instance) into subproblems​

2. Conquer the subproblems by solving them recursively.​

3. Combine subproblem solutions​

2.Divide and Conquer Examples:​

2.1 Merge Sort:​

​ ​a = 2, b = 2, f (n) = n,n =log ​b
a

n ⟹ Θ(nlg(n))

2.2 Binary Search:​

​ ​a = 1, b = 2, f (n) = n,n =log ​b
a

1 ⟹ Θ(lg(n))

2.3 Powering a number​



2.4 Fibonacci numbers(Recursive squaring)​

Fibonacci numbers:​

​   ​ ​F (0) = 0,F (1) = 1 F (x) = F (x − 1) + F (x − 2),x ≥ 2

• algorithm1: Naive recursive algorithms:​

• algorithm2:Recursive squaring:​

We can conclude that:​

​ ​​ ​ =[
F ​n+1

F ​n

F ​n

F ​n−1
] ​ ​ ​ ​[

F ​n

F ​n−1

F ​n−1

F ​n−2
] [

1
1

1
0]

​ ​​ ​ =[
F ​2
F ​1

F ​1
F ​0

] ​ ​[
1
1

1
0]

​ ​ ​⟹ ​ ​ =[
F ​n+1

F ​n

F ​n

F ​n−1
] ​ ​[

1
1

1
0
]
n

Then we can see the powering of the matrix ​ as the powering of a number, similar to 

2.3.​

​ ​[
1
1

1
0
]

​ ​⟹ Θ(lg(n))

• algorithm3:dynamic programming:​

​ ​⟹ Θ(n)

2.5 Matrix multiplication​



• algorithm1: standard algorithm​

• algorithm2: naive divide and conquer algoritm​

• algorithm3: Strassen's algorithm​



2.6 Chip Problem​



Problem c:​

首要目标是找到一个好芯片 ， 这样我们就可以检测出其他芯片的好坏了。​

我们可以把所有芯片两两配对（如果是奇数可能会剩一个芯片X）​

如果配对的一对芯片检测结果是： B坏A好 或 B好A坏 或 B坏A坏 ，那么我们就可以确定 A , B 里面
至少有一个芯片损坏。

我们如果把这些芯片对都丢弃 ，也不会影响好芯片对于坏芯片的格局​

丢弃这些芯片对了以后，剩下检测结果为 B好A好 的芯片对，他们要么都是好芯片，要么都是坏芯
片。如果是奇数个芯片，则还有芯片 X .我们假设 B好A好 的芯片对有 m 对好芯片, n  对坏芯片。​

对于没有 X 的情况，丢弃每一对里面的一个就好，​ 。​2m > 2n ⟹ m > n

我们分类讨论一下有 X  的情况：​

• 如果 X 是好芯片

则有​ ​2m + 1 > 2n ⟹ m > n − ​

2
1

◦ 如果​ 是奇数：​m + n

​ 异奇偶，可知 ​ ​m,n m > n

◦ 如果​ 是偶数：​m + n

​ 同奇偶，仅可知 ​ ​m,n m ≥ n

此时 X 确定是好的芯片， 我们丢弃每一对中的一个，再加上X (这样才能保证好芯片数还是多
于坏芯片数,​ )， 得到数目基本为原来一半的芯片集合。问题规模减半。​m + 1 > n



• 如果 X 是坏芯片

则有​ ​2m − 1 > 2n ⟹ m > n + ​

2
1

◦ 如果​ 是奇数：​m + n

​ 异奇偶，可知 ​ ​m,n m > n

◦ 如果​ 是偶数：​m + n

​ 同奇偶，可知 ​ ​m,n m ≥ n + 2

此时 X 确定是坏的芯片， 我们丢弃每一对中的一个，再加上X (这样还是能保证好芯片数还是
多于坏芯片数, ​ )， 得到数目基本为原来一半的芯片集合。问题规模减半。​m > n + 1

  总结我们的算法：​

代码块​

while（！找到好芯片）{
    丢弃所有检测结果是：“B坏A好”或 “B好A坏”或 “B坏A坏” 的芯片对
    if(没有X){
        丢弃剩下每个芯片对里面的一个
    }
    else{
        if(芯片对对数是奇数){
            丢弃剩下每个芯片对里面的一个，丢弃X
        }
        else{
            丢弃剩下每个芯片对里面的一个，保留X
        }
    }
}

考虑每次配对都有​ 的复杂度​O(n)

我们可知：

​ ​T (n) ≤ T ( ​) +
2
n

n

​ ​a = 1, b = 2,n =log ​b
a

1, f (n) = n ⟹ T (n) = Θ(n)
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