Data Structure Lecture Il: Divide and
Conquer

Partl. Recurrences Complexity Analyses

/ Three methods to analyze the complexity of recursive algorithm:
1. Substitution method (3032 )34k3%)
2. Recursive-Tree method
3. Master Method (K%, BERAEMH)

The master method comes from the ituition of Recursive-Tree

1.Substitution method

e stepl:Guess the form of the solution
e step2:Verify by induction

e step3:Solve for constants

e.gl:

1. First Guess: O(n®):

Base case:

T(n) = O(1) forall » < ng,where ng is a suitable constant

Induction:

Assume that T'(k) < ck® for k < n, we need to prove that T'(n) < cn?
n
2
< 40(3)3 +mn
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=cn® — (icn —n)

T(n) =4T(%)+n

< cn®

1
Notice that when §cn3 —mn > 0,the above nonequality is true.

We canset ¢ > 2,and n > 1(Solve the constants)



2. Second Guess: O(n?) :
if we model the above method
Base case:
T(n) = O(1) forall » < ngy, where ng is a suitable constant
Induction:
Assume that T'(k) < ck?® for k < n,we need to prove that T'(n) < cn?
T(n) = 4T(72—l) +n
n

2
=cn® +n

<4c(Z) +n

We find that we can' t prove T'(n) < en? . We must make some changes.
Base case:

T(n) =0O(1) forall n < ng,where ng is a suitable constant
Induction:

Assume that T'(k) < c1k* — cok for k < n, we need to prove that T'(n) < ¢;n® — cyn

T(n) = 4T(g) +n
< 401(3)2 —2con+n

=cin® — cyn — (con — n)

2
<cin

Notice that when can —n > 0, the above nonequality is true.
We can set ca > 1 (Solve the constants)
e.g2:
T(n) =2T(|lvz]) +1g(n)
AR RMTITHRBEELGAHK..
BT —MIGIPAYHEIT TR K ARX 0]
* Renaming m = /gn yields
T(zm) - 2T(2m/2) +m
* Rename S(m) = 7(2") to produce the new recurrence
S(m) =28(m/2) + m
S(m) = O(m Igm)

* Changing back from S(m) to 7(n)
T(n) = 1T(2™) = S(m) = O(m lgm) = O(lgn lglgn)



2.Recursive-tree method

We use an example to show the idea of recursive tree
n

T(n) = 37(|5

J)+n2
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log,, n-1
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i=0

< Z (%)'}m2 +O(n")

i=0

=’ +0(n")
1-(3/16)

= % cn’ +®(nl°g‘3)
=0(n’)

We can compute each layers' complexitites to divide and conquer the question into smaller
questions, adding the last layer's cost.

ARRNERNIEEENFLLHTIRWSRY, XXNFHITKEXNDREFEEE,



WAT, KRBT (98FE) HREIERE, BE each layers' complexitites to
divide and conquer # last layer's cost WMAEANEMNRE, EATEHE,

3.Master method

With the intuition coming from recursive tree above, we can introduce the master method.

3.1.Master method

We assume the question has the following form:
T(n) = aT(3) + f(n)

n
b
Where a > 1,b>1,and f is asymptotically(#fi#) positive.
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In the last layer, we have cost of @(nl"gg) , and each layer we have the complexity of f(z) to
divide and conquer.

We can compare f(n) with nlo%
1. f(n) = O(n'°%—¢) for some constant € > 0.
f(n) grows polynomially slower than n'°% (by an n¢ factor)
Solution: T'(n) = ©(n!°% )
2. f(n) and n'% grow at similar rates
Solution: T'(n) = ©(n'% ig(n))
3. f(n) = Q(n'°%*) for some constant € > 0.

f(n) grows polynomially faster than n'% (by an n¢ factor)



n
and f(n) satisfies the regularity condition that af(z) < ¢(f(n)) for some constant ¢ < 1
(FRIERANEL T BEBE URSR)
Solution: T'(n) = O(f(n))

Proof

log, n—1

g(n)= z a' f(n/b")

j=0

log, n—1

< 2 ¢’ f(n) if af(n/b) < cf(n)

j=0
log, n—1

< f(n) z ¢’

L

l—-¢

= f(nX

=0(f(n))
3.2 Example of Master method
EX.1 T(n) = 4T(g) +n
a=4,b= 2,nl09’? =n?
f(n)=n = T(n) =0O(n")
EX.2 T'(n) = 4T(g) +n’
a=4,b=2n"% =n?
f(n) =n® = T(n) = O(n’lg(n))
EX3 T(n) = 4T(g) +nd
a=4,b= 2,nlogg =n?

f(n) =n’ = T(n) =0(n%)

2

n n
EX.4 T'(n) = 4T (=
(n) = 4T(5) + s
a=4,b= 2,nlogg =n?
2
f(n) = lg?n) = f(n) doesn't grow polynomially slower than n'°%

— Master method does not apply

Part2. Divide and Conquer Algorithm



1.Divide and Conquer design paradigm

1. Divide the problem(instance) into subproblems
2. Conquer the subproblems by solving them recursively.

3. Combine subproblem solutions

2.Divide and Conquer Examples:

2.1 Merge Sort:

O 1. Divide: Trivial.
O 2. Conquer: Recursively sort 2 subarrays.
O 3. Combine: Linear-time merge.

T(n) = 2 T(n/2) + O(n)
™~

subproblem work dividing
number subproblem and combining
size

a=2b=2,f(n)=n,nl% =n = O(nlg(n))

2.2 Binary Search:

Recurrence for binary search

T(n) =1 T(n/2) + O(1)
™~

subproblem work dividing
number subproblem and combining

size
a=1,b=2f(n)=nn% =1 — O(lg(n))

2.3 Powering a number



Problem: Compute a”, wherene N
Naive algorithm: O(n).
Divide-and-conquer algorithm:

i {a” ca"? if  is even;

a2 g if mis odd.

T(n) = T(n/2) + ©(1) = T(n) = O(lgn)

2.4 Fibonacci numbers(Recursive squaring)

Fibonacci numbers:
F(0)=0,F(1)=1 F(z)=F(z—1)+ F(z—2),x > 2
e algorithm1: Naive recursive algorithms:

Naive recursive algorithm: Q(¢")

(exponential time), where ¢ = (1+ J5 )/2
is the golden ratio.

e algorithm2:Recursive squaring:

We can conclude that:

Fn+1 Fn o Fn Fn—]_ 1 ].
Fn Fn—l N Fn—l Fn—2 10

. [Fa F]_ 11 "
F, F,1| |1 0
. |11 . -
Then we can see the powering of the matrix [1 O] as the powering of a number, similar to
2.3.

— O(lg(n))
e algorithm3:dynamic programming:
—> O(n)

2.5 Matrix multiplication



Input: 4 =[a;], B=1[b;]. | .
’ I,]= 1, 2, P /]
Output: C=[c;] =4 - B.
(']1 ('I Cln al] a] al 11 12 1
€ Cn & _| 4 4 D b, b b,
c, c & a, a L. b, b 5

n
€y = Z Ay 'bkj
k=1

e algorithm1l: standard algorithm

fori< 1ton
doforj« lton
doc; <0
for k< 1ton

do ¢« ¢;+ ay - by
Running time = G(n?)
e algorithm2: naive divide and conquer algoritm

IDEA:
n % pmatrix =2 x 2 matrix of (n/2) X (n/2) submatrices:

Rl

C = A - B
r=ae+bg

) recursive
s=af+bh 8|mu1ts of (n/2) % (n/2) submatrices

t=ce+dg | 4adds of (n/2) x (n/2) submatrices
u=-cf+dh

T(n) = 8 T(i2) + @)
™~

submatrices work dividing
number submatrices submatrices

size
nbgf’a — nlogzg = n3 :> CASE 1 :> T(n) = ®(n3)

No better than the ordinary algorithm.

e algorithm3: Strassen's algorithm



* Multiply 2 x 2 matrices with only 7 recursive mults.

Pi=a-(f-h) r=P;+P,— P, + P
P,=(a+b) h s=P,+P,
P;=(c+d)-e t=Py+P,
P,=d-(g—e) u=Ps+P —P;—P;

Ps=(a+d) (et h) |7 mults, 18 adds/subs.
Pg=(b—d) - (g+h) |Note: No reliance on
P;=(a—c¢) (e+f) |commutativity of mult!

1. Divide: Partition 4 and B into
(n/2) x (n/2) submatrices. Form terms
to be multiplied using + and — .

2. Conquer: Perform 7 multiplications of
(n/2) x (n/2) submatrices recursively.

3. Combine: Form C using + and — on
(n/2) x (n/2) submatrices.

T(n) =17 T(n?2) + ©(n?)
nlogha — nlo‘c’,g7 — n2.81 = CASE1 = T(n) — @(nlg7)

The number 2.81 may not seem much smaller than 3,
but because the difference is in the exponent, the
impact on running time is significant. In fact,
Strassen's algorithm beats the ordinary algorithm on
today’s machines for » > 32 or so.

2.6 Chip Problem
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Problem c:

BEBMREHRE TSR, XEZRNm A AN S S AR T,

BT LUERRBE SR RMECY (MIREFHEESE—DNESHX)

NRENHN—ITEHRQMNERZ: BIFAYF 3 BIFALR 3¢ BIFAKR , BARRNIRAILUAE A, B BE

ELHE-MOFAER,
BIMMREXESHMWHMEF , UFREMFSAWNTFHSHIER

EFXECANTUE, ®TRNERN BIFATF BGHX, MINBZASRE SR, BABMERS
Fo MRZFHNOH, WEETH X F(RIZ BEFAYF BISHAXNE m WFHH, n WIREH.

WNFRE X BER, EFRE—XNEEN—TE, 2m >2n — m > n,
D EITIL—TF X BER:
o MR X BHEH

1
me2m+1>2n — m>n—§

o WIRm +n BHFK:
m,n B&FE, JFl m >n
o YR m + n 2B
m,n [EEE, (XA m>n

RS X WERFRICH, FMNEFE—HH—, BIlEX (XEFEFBEFRIEFOHEIEES
FHERE#E,m+1>n), REBEERFNER—FHNCHES. REMERE,



o MR X BHGH

1
mE2m—1>2n — m>n+§

o WIRm +nBEFK:
m,n F&{®/, AH m>n
o MR m +n 2B
m,n @z E, A m >n+ 2

LAY X BERAHTH, BIEFES—IhH—, BIEX (XHTREREF TS HTE
STFREHRE, m>n+1), SHHEERNER—FHTHES. ERULHE.

BERNNEE:

AREGIR

1 while (! 3REIFTFEH) {

2 EFMBERNERE: “BIFATF S “BIFAIR?ZY “BIFAIR” AU A XY
3 if(&EX){

4 EFFRTENSANERN—

S }

6 else{

7 if (A XX EEETE) {

8 ERFTFTENCANEARN—, EFX
9 }

10 else{

11 EZFFTENSANEERN—, REBX
12 }

13 }

14 }

ZERERENEBE O(n) WEZR
FfTATAD:

Kt

T(n) < T(g) +n

a=1,b=2n'% =1,f(n) =n = T(n) =0(n)



